I. INTRODUCTION
In his seminal paper of 1927, Heisenberg [1] introduced the Uncertainty Principle (HUP) in Quantum Theory by discussing measurement processes in which the gravitational interaction between particles was completely neglected. The argument (for example, find the position of an electron by means of photons) is well known under the name of Heisenberg microscope argument [2] . Of course, this procedure was fully justified by the huge weakness of gravity, when compared with the other fundamental interactions. Then things evolved and, in a few years, the HUP became a theorem in the framework of a fully developed Quantum Mechanics [3] .
However, if we want to address fundamental questions in Nature, it seems clear that also gravity should be considered when we discuss basic principles and elementary measurement processes. This, in fact, is what historically happened, from the very early attempts in generalizing HUP [4] , to the more recent proposals like those of string theory, loop quantum gravity, deformed special relativity, non-commutative geometry, and studies of black hole physics [5] [6] [7] [8] [9] [10] [11] [12] .
A revised version of the classical Heisenberg argument has been presented in [8] and can be described as follows. The size δx of the smallest detail of an object, theoretically detectable with a beam of photons of energy E, is roughly given by (if we assume the dispersion relation E = pc)
so that increasingly large energies are required to explore decreasingly small details. As remarked above, in its original formulation, Heisenberg's gedanken experiment ignores gravity. Nevertheless, gedanken experiments taking into account the possible formation, in high energy scatterings, of micro black holes with a gravitational radius R S = R S (E) roughly proportional to the (centre-of-mass) scattering energy E (see Ref. [8] ), suggest that the usual uncertainty relation should be modified as
where β is a dimensionless parameter. Recalling that
Ref. [5] ), and has been confirmed by an explicit calculation in Ref. [13] . However, many studies have appeared in literature, with the aim to set bounds on β (see, for instance, Refs. [14] ). The relation (3) can be recast in the form of an uncertainty relation, namely a deformation of the standard HUP, usually referred to as Generalized Uncertainty Principle (GUP),
For mirror-symmetric states (with p = 0), the inequality (4) is equivalent to the commutator
Vice-versa, the commutator (5) implies the inequality (4) for any state. The GUP is widely studied in the context of quantum mechanics [15] , quantum field theory [16] , thermal effects in QFT [17, 18] , and for various deformations of the quantization rules [19] . Casimir effect as well has a long history. It is a direct manifestation of the non-trivial nature of quantum vacuum [20] , which occurs whenever a quantum field is bounded in a finite region of space; such a confinement gives rise to a net attractive force between the confining plates, whose intensity has been successfully measured [21] . Since the foundational paper [22] , the Casimir effect has been largely investigated in both flat [23] and curved [24] background, and in particular in quadratic theories of gravity [25] , which have been studied also in other frameworks [26] . Further interesting applications have been addressed in the context of Lorentz symmetry breaking [27] and flavor mixing of fields [28] .
Among the many applications of GUP, some papers have been recently devoted to the study of Casimir effect in the framework of modified uncertainty relations and/or minimal length. In particular, in Refs. [29, 30] the corrections to the standard Casimir effect are computed for different GUP scenarios. Such calculations are performed within the framework of QFT, using the formalism of maximally localized states in Hilbert space representation proposed in particular in Refs. [7, 31] , which implements various types of deformed commutators.
In the case of GUP involving βp 2 term only, as in Eq. (4), the authors of Refs. [29, 30] find corrections to the energy density of the form:
where β = βc 2 /E 2 p . On the other hand, recently an interesting derivation of Casimir effect from HUP has been given by Giné [32] by means of heuristic arguments only. Motivated by the utility of heuristic procedures, which help to develop physical intuition, in this paper we consider similar derivation of the Casimir effect from GUP. We do this for the case of βp 2 model and in one (space) dimension.
The work is organized as follows: in Section II we briefly review the treatment of Ref. [32] . The heuristic derivation of Casimir effect from GUP is given in Section III. Conclusions are given in Section IV.
II. CASIMIR EFFECT AND UNCERTAINTY PRINCIPLE
In Ref. [32] , an heuristic argument is proposed for deriving the Casimir effect from the HUP. Such a derivation motivated us to look for similar arguments in the case of GUP.
Here, we briefly review the discussion of Ref. [32] . The Casimir effect is there derived from the idea that the contribution to the energy density at a given point of a plate is modified by the presence of the other plate.
The author considers virtual photons produced by vacuum fluctuations arriving at a point P 0 of the plate. In principle, the uncertainty ∆x about the distance between the photon production point and P 0 can have any value within a sphere of (large) radius R enclosing the plates (eventually, such a radius will be sent to infinity).
The energy density will originate from the contributions of photons from a volume A∆x, where A is the area of the plate of side L. Now, if there is only one plate, the relevant volume will be the one of entire sphere V T = 4/3πR 3 (we take here R L). The situation is different when another identical parallel plate is present at distance d from the first one: indeed, in such a case the photons originating from behind the second plate cannot reach the point P 0 and, as a result, a reduced volume V T − V c will be associated to the energy density, where V c is the volume shielded by the second plate (see Ref. [32] for details).
In the case of infinite plates, or even better when L/(2d) → ∞, one obtains
In the above setting, no length scale is present, so ∆x goes to infinity as R increases. At this point, the author of Ref. [32] introduces a radius r e , representing the effective distance beyond which photons have a very small probability to reach the plate. Therefore, the above equation becomes
The uncertainty principle in the form ∆x∆E c/2, with E = pc, is then used to obtain
Finally, the above formula is identified with the exact expression for the Casimir energy obtained in QFT:
which allows to fix r 3 e = 540d 3 /π 3 , i.e. r e 2, 6 d.
III. MODIFIED CASIMIR EFFECT FROM GUP
The procedure described in the previous Section leading to the Casimir effect from the HUP, appears to be interesting although rather obscure in some points. In particular, in order to clarify the origin of the effective radius r e above introduced, and to derive the Casimir effect in the GUP framework, we consider here the one-dimensional case.
Starting from the expression of the GUP
we can certainly write ∆x = αd (being d the only physical scale of the system), where α is a parameter which will be fixed below. Eq. (11) can then be rewritten as
This can be expanded in β c Epαd 2 1, thus obtaining, up to the first order,
Now we fix the parameter α by taking β → 0 in the above equation and comparing the result with the onedimensional standard QFT expression for the Casimir energy [32] :
from which we get α = −6/π. Inserting this back into Eq. (13), we finally obtain
This is to be compared with the expression (6) of the Casimir energy computed with GUP in QFT. In spite of our minimal setting, we can see that the behavior of GUP correction is approximately recovered 1 .
IV. CONCLUSIONS AND PERSPECTIVES
Let us now try to better understand the meaning of the effective radius r e introduced in Section II. It is clear from the Heisenberg uncertainty relation that large fluctuations in energy live for very short times and thus very energetic photons of energy ∆E can travel only very short distances, of order c/(∆E). Therefore, energetic photons originating far away from a plate will contribute very little to the energy around the plate, Eqs. (9), (14) and (15) .
With reference to Fig. 1 , let us focus on the right plate. It is evident that photons originating between the plates, i.e. within a distance d from one plate, will not contribute because of the symmetric action due to the photons originating in the strip of width d on the other side of the plate. On the other hand, photons coming from the right region, from a distance greater than d, will not be compensated by photons coming from the left region, whose action is screened by the (infinite) left plate. Therefore only photons coming from a distance greater than d, from the right region, can be responsible for a resultant non-zero action on the right plate. Of course, this argument applies symmetrically to the left plate, and here we have a qualitative explanation of the origin of Casimir force. Now, consider a point at a distance x 0 > d from the plate. Photons are created by quantum fluctuations in a (small) region around that point. The region cannot be smaller than a Compton length of the electron, λ C = /m e c, otherwise the energy amplitude of the fluctuation would be larger than the threshold (m e c 2 ) for pairs creation of electrons. Photons can reach the plate (and therefore contribute to the Casimir force) only if their energy is in the range 0 < E < E 0 , where E 0 = c/x 0 . Photons of energies E greater than E 0 can only travel paths shorter than x 0 , before recombining (x = c/E < c/E 0 = x 0 ), thus they do not arrive to touch the plate. Photons at x 0 originate from fluctuations of energy E with a probability which can be assumed to behave like a Boltzmann factor e −E/mec 2 .
2
Therefore the total linear energy density (energy per unit length) arriving on the plate from a small region around 1 Strictly speaking, in order to compare our one-dimensional treatment with the three-dimensional one of Ref. [29, 30] , we should divide Eq. (15) by d 2 . This is the most direct procedure that can be adopted; in the case of one-dimensional confinement of the photon field, indeed, it is impossible to refer to an energy density per unit area since the binding plates reduce to mere points. In spite of these technicalities, however, we stress that the GUP correction to the Casimir energy derived via a heuristic approach exhibits the same dependence on d as the more rigorous field theoretical expression in Eq. (6). 2 Note that such an assumption is not fundamental for the validity of the result (15) . See the discussion below for more details.
the point x 0 will be
where, since we deal with the electromagnetic field, we introduced the natural threshold of the electron mass/energy m e c 2 . In terms of x 0 the above integral reads
Finally, summing over all the points x 0 such that d < x 0 < +∞, we get the whole contribution to the energy from all the photons able to arrive to the plate as
Now, since for x large enough, e − /mecx 1, then Eq. (17) yields
and hence the total energy reads
We find therefore again for the energy ∆E the behavior expressed by Eq. (14) . Distributions like those given in Eqs. (18), (19) allow us to easily define an "effective" radius, or distance from the plate, below which the vast majority of photons are responsible for the large part of the Casimir force. In fact, we can define r e > d as the distance up to which a fraction γ (0 < γ < 1) of the total energy is responsible for the effect. This means 
which yields
A final important note is in order at this point. The above equations maintain essentially their validity also for different choices of the distribution function
provided 0 < f (E) < 1. In particular, the approximation is as better as the function f (E) is closer to 1. This is important, since a perusal of current literature has revealed that the search for distributions of the energy fluctuations of the quantum vacuum is not at all a closed chapter, but on the contrary, a hot and magmatic research topic (see for example the important papers of Larry Ford [33] and references therein).
